Introduction
Since 40-ies the intensive development of the theory of shells has begun in connection with the technological demand. During the first three decades researchers dealt mainly with static problems in the theory of thin plates and shells. Since the 70s of the last century the emphasis in studies of plates and shells is shifted to dynamic problems. Above all, this is due to demands of the aviation and space technology. However, the study of the dynamic behaviour of structures is also essential for shipbuilding and civil engineering.
The most studied is the behaviour of single-layer isotropic shell structures under dynamic loading. In the last decade, structures fabricated of composite materials are of great interest. For example, such materials as carbon fibre reinforced epoxy resin, graphite-fiber reinforced and boron-fiber reinforced plastics are widely used. The behavior of shells fabricated of these materials has been insufficiently studied [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] .
The main objectives of the study of shell structures under dynamic loading are to investigate their stability, strength and vibrations as evidenced by review articles and monographs [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
One should mention the extensive review article of E. A. Kogan and A .A. Yurchenko [13] which is devoted to free and forced nonlinear oscillations of multilayered thin elastic plates and shells under periodic loading.
Most studies are devoted to the vibration of isotropic structures [1, 4, 7, 8, 12, [24] [25] [26] [27] [28] [29] [30] .
As for geometry of structures, the vast majority of studies are devoted to closed cylindrical shells [4, 5, 7, 11, 26, 27, [30] [31] [32] because it is connected with the solution of a number of very important practical problems, for example, the occurrence of dynamic periodic load caused by the internal fluid flow. Such problems can be considered as axially symmetric. Studies on conic [3, 24] and the spherical [28, 33] closed shells have received little attention. Non-axisymmetric problems for closed shells [34] are also rarely addressed, although they are important in studying structures with form imperfections.
Thus, the study of strength, stability and nonlinear oscillations of reinforced orthotropic shells of revolution under dynamic loading is a vital issue.
The aim of this work is to construct a mathematical model of deformation of reinforced orthotropic shells under dynamic loading.
Mathematical models of deformation of reinforced orthotropic shells under dynamic loading
We consider an orthotropic shell supported by the ribs on the internal side of the shell. It is subjected to the influence of an external uniformly distributed lateral load q = q (x, y, t) .
To form relations of mathematical model we first consider the expressions for the forces and moments. The unknowns are three displacement functions U = U (x, y, t) , V = V (x, y, t) , W = W (x, y, t). Using the Kirchhoff -Love model for orthotropic shells, we have
] ,
where h is thickness of the shell; E 1 , E 2 are elastic moduli; G 12 is the shear modulus; µ 12 , µ 21 is the Poisson's ratio; F x , F y , S x , S y , J x , J y are ribs characteristics which are described below; ε x , ε y , γ xy are strains that account for the geometric nonlinearity; χ 1 , χ 2 , χ 12 are curvature and torsion functions of the form
where
∂W ∂y and A, B are Lame parameters.
Stiffeners can be introduced with the use of the method of constructive anisotropy [35] or discretely. When using the method of constructive anisotropy, we have
where h i is the rib height; indexes i and j indicate the number of rib located parallel to the x and y axis, respectively; n, m are numbers of ribs;
; r is the rib width; a, b are limit values along x, y axes; a 1 is the offset from the origin along the x axis;
The method of constructive anisotropy can be used if the ratio of distance between ribs to shell length is not more than 0.1.
When ribs are introduced discretely, we have
where δ (x − x j ) and δ (y − y i ) are differences of two Heaviside functions:
In the presence of reinforcement, rib thickness is defined as
then the thickness of the entire structure is h + H. The total deformation energy functional of the shell under dynamic loading is
where K is the kinetic energy of deformation; E p = Π − A is the difference of potential energy of deformation of the system and the work of external forces that corresponds to the functional of the static problem; t is time. The kinetic energy of deformation of reinforced shell has the form [35, 36] 
where ρ = γ g (γ, g are the specific gravity of the shell material and the gravity acceleration).
Upon integrating (3) with respect to z, we obtain
Next, we consider two models. First model is in the form of equations of motion and second model is in the form of a system of ordinary differential equations.
Equations of motion
Since the behavior of the system in the time interval [t 0 , t 1 ] must satisfy the condition [36] 
we seek the first variation of functional (2) , and then we set it equal to zero. First, we find the variation of the kinetic energy
One should change this expression such that there are no variations of the time derivatives of the unknown functions U (x, y, t), V (x, y, t), W (x, y, t) with respect to t under the integral sign. Upon integrating by parts, we obtain
ABdxdy.
The second term in this equation allows us to formulate initial conditions, specifically, either all functions are equal to zero or first derivatives of these functions are equal to zero at the initial moment of time.
The first term in this expression, from which the equations of motion are formed (or rather, the inertial terms of these equations) can be reduced to the form 
Let us find the first variation of this functional and set it equal to zero. Then we carry out transformation in order to exclude derivatives of displacements under the variation sign. As a result, we obtain
Neglecting transverse shear and rotational inertia, the equations of motion for orthotropic reinforced shells take the form
System (6) is a system of differential equations in partial derivatives. Solution of this system presents difficulties.
Initial value problem for the ODE system
In what follows we obtain the initial value problem for the system of ordinary differential equations using the Kantorovich method [37] to transform three-dimensional functional of the total energy of deformation of the shell into the one-dimensional functional.
First, we introduce dimensionless parameters
Upon substituting these parameters into (2), we obtain
This procedure was considered in details in [38] . FunctionalĪ can be expressed as
HereΦ 1 corresponds toK,Φ 2 corresponds toĒ p . The dot indicates derivative with respect to time.
According to the Kantorovich method, unknown functions can be represented as
where 
It should be noted that approximating functions are provided for the case of an open asymmetrical structure. They can be applied, for example, for conical panels. In the case of symmetrical structure approximating functions are considered in [39] .
We take into account (9), when differentiatingΦ 1 andΦ 2 . Let us take variation of functional (8) . The condition of its minimum is
that is, we obtain the system
The sum sign used in (9) is factored out from the integral signs in relations (10) . Moreover, unknown functions with both index i and index l are inΦ 1 andΦ 2 . This is shown below in expanded form.
Upon integrating by parts and factoring out δU l , δV l , δW l from each equation, we obtain the equations of motion
Now we can calculate integrals of known approximating functions with respect to ξ, η. Here
dξdη are the left-hand sides of the equations of statics. They can be obtained with the use of the Ritz method applied to functionalĒ p [40] :
Here C 1 , . . . , C 13 , C p are coefficients,Ã 1 (l),Ã 2 (l),Ã 3 (l) are nonlinear terms of equations.
The remaining terms of equation (10) are transformed as follows
] .
After applying similar transformation to other equations of system (10), we obtain
Here
Thus, the equations of motion of a stiffened orthotropic shell has the form
where Π 1 (l), Π 2 (l), Π 3 (l) are the left-hand sides of system (11) . Thus, the mathematical model of deformation of reinforced orthotropic shells is reduced to the initial value problem for a system of ordinary differential equations. Let us reduced system of ordinary differential equations (12) to the normal form. We introducė
Then system (12) can be written in the form
The matrix of coefficients of system (13) can be schematically represented in the form
The dimension of this matrix is 3N × 3N . Now system (13) can be written as
Matrix Π is the column matrix of the right-hand sides of system (6) . Let us find the inverse of matrix B. Each element of the matrix B is known. Then we obtain
Thus we have a normal system of ordinary differential equationṡ
which can be represented in the formẊ (t) = Y (t). This system is solved with the initial conditions at t = 0
Coefficients of the matrix B and coefficients in the expressions for Π are obtained with the use of boundary conditions. In what follows we assume that q = A · t.
Upon substituting initial conditions (14) into the column matrix Π with 3N elements, N elements of the matrix are not equal to zero. This is due to the presence of a load term that depends on t.
To solve the initial value problem for systems of ordinary differential equations (11), (12) various numerical methods can be used. Since they are stiff systems one can use, for example, an implicit Runge-Kutta scheme.
Numerical results
The initial value problem for the ODE system is solved with the use of computing software Maple 2015. The system is numerically solved using an implicit Runge-Kutta scheme.
As an example, we consider a shallow shell of double curvature (A = B = 1, k x = k y = 1/R). The contour of the shell is simply supported. The shell is subjected to the dynamic external uniformly distributed lateral load q = q (x, y, t) = 100t. The dimensional parameters of the shell are a = b = 60h, R 1 = R 2 = 225h, h = 0.09 m. The shell is made of steel with the modulus of elasticity E = 2.1 · 10 5 MPa and Poisson ratio µ = 0.3. The system is solved in terms of dimensionless parameters and N = 9. Fig. 1 shows the relationship between loadP and displacementW c at the center of the shell. An inflection point on the curve "load-displacement" is the point of stability loss under dynamic loading. Such criterion was proposed by A. S. Vol'mir. It is seen from Fig. 1 that after buckling loadP = 232 shell oscillates around the equilibrium state of the static problem. 
Conclusions
The mathematical model of the deformation of stiffened orthotropic shells under dynamic loading was presented. The model is represented in the form of an initial value problem for a system of ordinary differential equations that is easier to solve than the system of equations of motion in partial derivatives. The proposed model takes into account the geometric nonlinearity, and can be applied to orthotropic materials. Stiffeners can be introduced as discrete elements or with the use of the method of constructive anisotropy.
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